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Abstract—Nonlinear thermal convection in a saturated porous medium is studied under different

approximations. Asymptotic solutions for free boundaries are obtained for two limiting cases: Ra large, g,

= O(1)and O(Ra) using the method of matched asymptoticexpansions. The analytical approximation method

is also used to study the convection problem over a wide range of Ra and o,. The results of the analysis show

that the heat transfer rate varies as Ra'/3 for a given o,. The results are in agreement with the experimental
results of Schneider.

INTRODUCTION

IN RECENT years there has been considerable interest
given to the study of convection problems in a porous
medium because of its importance in many industrial
and geophysical problems (namely geo-thermal energy
extraction, reactor technology and cryogenic industry).
An important physical quantity in such studies is the
determination of the Nusselt number, which is a
measure of the total convective and conductive heat
fluxes. The aim of this paper is to study the variation of
Nusselt number with the parameters of the problem,
namely, porous parameter and Rayleigh number.

The solution of the governing equations are obtained
using the mean field approximation. In this approach
one defines mean quantities as horizontal averages and
decomposes all the quantities into mean and
fluctuating parts. Further, the mean field equations are
obtained by omitting the terms which are nonlinear in
fluctuating quantities. The above approach has
successfully been followed by Herring [1, 2], Howard
[31, Roberts [4] and Van der Borght [5, 6] to study
convection problems. The analysis is extended to two
situations: (1) for large Ra, in which asymptotic solu-
tions are obtained for two limiting cases (a) Ra — oo,
a, = O(1), and (b) Ra large, 6, = O(Ra); (2) for a wide
range of Raand ¢,. As in most discussions of mean field
equations, the present work is confined to only one
horizontal mode.

The results of analysis show that the Nusselt number
varies as Ra'’? for a given value of ¢,. The results are in
agreement with those of Schneider 7] which is one of
the many experimental studies on convection in porous
media. However, we note that considerable disagree-
ment exists among the many experiments available [ 7—
97. The experimental results of Masuoka [8] and Elder
[9]suggest alinear increase in Nusselt number for large
Ra. An estimate of the critical Rayleigh number is also
obtained from the relation for Nusselt number which is
in agreement with the results obtained by Malkus and
Veronis [10] for g, =0 and those obtained by
Lapwood [11] and Masuoka [12] for porous media.

MATHEMATICAL FORMULATION

For mathematical analysis we consider a horizontal
slab of saturated porouslayer between planesz = O and
d, where z is the vertical coordinate. The boundary
temperatures are assumed to be fixed with the lower
boundary at a higher temperature and the temperature
difference, AT, across the layer is constant. The
thickness, d, of the layer is assumed to be sufficiently
small that the Boussinesq approximation holds good.
Further, we use the Brinkman momentum equation
which gives the complete description of the fluid in a
porous medium. As usual, we decompose the tem-
perature into mean and fluctuating parts, T = (T) +0,
where angular brackets indicate the horizontal
average. The non-dimensional equations of motion
after averaging over the horizontal plane become
[4, 13]
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and Ra = ga’ATd3/vk, ¢ = v/k and o, = d*/K are
Rayleigh number, Prandtl number and porous
parameters, respectively. Eliminating & and the
horizontal components of velocity and neglecting the
terms which are nonlinear in fluctuating quantities, the
mean field equations for steady convection become

V*w—0,V>*w+RaVif =0, (6)
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NOMENCLATURE

A, A, A5 coefficients defined by equations (26), Greek symbols

(24a) and (24D), respectively o a/n
a horizontal wave number o coefficient of thermal expansion
B,,B; coefficients defined by equations (39a) and B —0{(T >0z

(39b) il coefficients defined by equation (42c)
C(o) heat transport shape factor, equation Y Aa® Nu

(61) € & = [2G/J {(Nu—1)72]V"*(o?/8)
D 0/0z @ temperature defined by equation (9b)
d thickness of the layer 0, coefficients defined by equation (42b)
F defined by equation (15) 0 fluctuations in mean temperature
f periodic function in the horizontal plane A Rajo,

defined by equation (10) v kinematic viscosity
G defined by equation (55) ¢ scaled z coordinate, equation (25)
g acceleration due to gravity P defined by equation (51)
J coefficients defined by equation (46) a Prandtl number, v/k
K permeability g, porous parameter, d*/K
k thermal diffusivity 7, defined by equation (52)
k unit vector in z-direction 7,p defined by equation (56)
Nu Nusselt number ¢ scaled temperature field, equation (34)
P defined by equation (19), Ra a? Nu v scaled velocity field, equations (19) and
Ra Rayleigh number, go’ATd?/vk 27
s defined by equation (62) Q scaled velocity field defined by equation
T temperature (34)
u,v,w X, y, zcomponents of velocity u @ deviation of pressure from hydrostatic
w defined by equation (9a) value divided by density.
w, coefficients defined by equation (42a)
X o? Other symbols
X, coefficients defined by equation (57) & operator, 0%/0x? + 8%/0y?
X(o) defined by equation (62) <> horizontal average.

oKwly Ty On integrating equation (13a) over z we get
oz 02 @
1
—pw = V29, (8) Nu = 1+j0 wed:. (13b)
where

V2 = 02/ax? +02/3y?.

The basic equations are separable and admit
solutions of the forms

w=f(x,y) Wizk1),
0=/f(xy 061,

where function f satisfies the plan-form equation with a
as a separation constant

Vif= —af
The basic equations, equations (6) and (8), after

incorporating equations (9a) and (9b) reduce to the
form

(9a)
(9b)

(10)

(D?—a**W —06,(D*—a>)W —Raa’® =0, (11)
(D*—a2)© = — BW. (12)

Equation (7) leads to the definition of non-dimensional
heat transfer or Nusselt number

Nu =B+ Weo. (13a)

For free boundaries the velocity and isothermal
boundary conditions are

W=D*W=0 at
=0 at

z=0,1,
z=0,1.

(14)

ASYMPTOTIC SOLUTIONS FOR
LARGE RAYLEIGH NUMBER

The solutions of the mean field equations for large Ra
are obtained for two limiting cases, namely, (1) when
g, = O(1) and (2} ¢, = O(Ra), using the method of
matched asymptotic expansions.

Case (a): 0, = O(1) and Ra is large
Following Van der Borght [6] we assume that the
horizontal wave number a = O(1). Introducing the
variable F defined by
F = Nu~'(©®) (15)
in equations (11) and (12) we get

(D*—a)*W —6,(D*—a )W —Raa’F Nu =10, (16)
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(D?—aYF = —(1-FW)W. 1
Combining equations (11), (13a) and (12) we get
(D*—a?*W—o(D*—a®)?W
+Raa*NuW —W3*D?—a?)?W
+o,WAD?*—a® )W =0. (18)

Since Nu > 1 (Nu < 1 is the conduction region and
Nu > 1is the convection region) and a = O(1) we find
that Raa? Nu — oo as Ra — . Away from boundaries
(i.e. in the interior region) we expect D = 0/0z = O(1)
and therefore, as Ra — co, terms like Ra a2 Nu in
equation (18) become large requiring Wto belargefora
nontrivial solution of equation (18) to exist. This
condition is met by choosing W = O(P'?) where

P = Ra a® Nu. Defining the variable
¥ = (Rad® Nu)™"2W = P~ 12, (19)

we find that the equation which governs the motion in
the main body of the fluid to leading order is

YD —a*Yy—oy(D*—a’W = 1, (20)
and the transformed boundary conditions are
y=D% =0 at z=0,1 21

For finding an approximate solution of equation (20)
we use a truncated Fourier series for y in the form [3]

Y = A;sinnz+A;zsin3nz+,... (22)

This solution is symmetric about z = 1/2 and satisfies
the free boundary conditions. Substitution of this series
solution in equation (20) and retaining the first two
terms of the expansion gives

A, (2 +a?)? +6,(n% +a?)]sinnz
+ A5[(97% + a?)? + 6,972 +a?)] sin 3nz

_ 1 ! A, sin 3nz
" A,sinnz

A, sinnz
! -4 (14cos2 23
" Aysinmz A, cos2mz) |. (23)

Todetermine A, and 4, we multiply equation(23) by
sin nz and sin 37z, separately and integrate over z. This
leads to two equations which are solved assuming
A3/A, « 1. The assumption A;/4, « 1is valid as long
as the sine series is a good approximation. The
expressions for 4, and A; are

) 1/2
Ay = [{(nz +a?)? +0,(n? +a2)}]

5 [1 __{(#@*+a¥}) +a,(n* +a%)}
2{(9n? +a*?+06,(9n*+a?)} |

(24a)

and

Ay >

|: (2 +a?)? + o (n?+a?)

A,.
On +a*)? + 6,097 + a2)] i (29D)
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The determination of A, and A; completes the outer
solution or approximation to ¢ in the interior of the
fluid. F is determined by observing that the relation
F = 1/W satisfies equation (17) to the leading order for
large W. The same conclusion is drawn by comparing
equations (15) and (20).

For finding the inner solution or the solution in the
boundary layer, we use the variable

& = Pl4z, (25)

To obtain the appropriate matching condition we note
that near z = 0 equations (22), (24a), and (24b) imply ¥
~ Az where

A~ (4,+3A4,). (26)
Introducing the variables
W =PY% and F =P 4§ (27)
equations (16) and (17) become
&y %y
P1/2¥=f+ﬂ'la—éz, (28)
and
S 29
oer ' )
The transformed boundary conditions are
62
l/l=a—él/2/=f=0 at ¢=0,1. (30)

Following the analysis of Howard [3] we obtain the
expression for the Nusselt number in the form

2I(3/4) |47
Nu = [ (2/ )] (Aa?)?PRa'’3,

(31)

202

1 4/3 13
Nu= [m] [{(1 +o?2+(1 +a2>ol/n2}]

S{1+a?? +(1 +a¥a,/n?} U
X[HE{(9+a2)2+(9+a2)al/n2}]Ra ®,

(32)

where o = a/z.

Case (b): Ra large, 6, = O(Ra)

The analysisin Case(a) was carried out for 6, = O(1).
We will now consider the case ¢, = O(Ra) which is of
practical importance since ¢, is usually of the order of
103 or more. For this case, we define

A= Ra/ec, and 7y = ia?Nu. (33)
We note that when the stabilizing effect due to o,
increases, Nu — 1. Hence, in that part of the regime
A = O(1) although Ra and ¢, are both large.
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Introducing the scalings

Raa? Nu\'? g, 172
W= <> Q and F= l}f] ®,
o Raa*Nu

(34)

equations (11) and (12) become
(D*—a’Q+¢ =0, (35
(D*—a*)p = —y(1— Q. (36)

After eliminating ¢ from equations (35) and (36) we get
D*Q—(2a* + Q*)D*Q +(a* +a* Py~ Q= 0. (37)

The solution of the above equation in analogy with the

previous one is
Q= B;sinnz+Bysin3nz+,... (38)

Substituting the above expansion in equation (37) and
multiplying it by sin nz, sin 3znz, separately and
integrating with respect to z from 0 to 1 we get

An*4-2m%a® +a*—2y)

= —B2n%y[(3 4+ 3a*/n*)—(11 +3a*/n*)B,/B,],
4B,(81n* + 18n%a’ + a* —2y)

— B[ —(1+a¥/x)+ (22 +6a%/n%)B4/B,]. (39b)

(39a)

Likewise if we expand ¢ as
(40)

and substitute the values of Q and ¢ in equation (36),
then we obtain the solution for &, and «;. This
completes the outer or the interior solution. The
boundary layer solution need not be treated separately
because the outer solutions satisfy all the boundary
conditions and give an adequate description of the
entire solution. The Nusselt number is computed from
the relation

¢ = o, sinnz+aysin3nz+,. ..,

1
Nu1=.f(1—¢nyn,

[

= |:1 — % o, B,(1 +ac3B3/oclBl):|. 41)

SOLUTION FOR WIDE RANGE
OF Ra AND g,

The analysis carried out in the previous section gives
anasymptoticsolution for two limiting cases. However,
to study the behaviour of Nusselt number over a wider
range of Ra and o, we use the analytical method given
by Herring [2]. The method is accurate for all values of
Ra provided o, the horizontal wave number which
supports the convection, isnot too large. This method is
also applicable for rigid boundaries although it is more
involved [2].

Using the following expansions for w, ¢ and f

w=mn/2 3 f(x,y)w,sinnnz, (42a)
n=1
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6\/2

b

Z f(x, )8, sinnnrz,

n=1

(42b)

B=1+Y B,cos2nnz,
n=1

(42c)

in equations (6)8) we get a set of nonlinear algebraic
equations

Wy, = Jngm

Bn = _ZWZp—l[BZ(n-#p)fl
14

(43)

+Y2p—2n—1)0,2,-2,+1y), (44)

S I [SVE SU TS )
where
J = Rax? , 46)
{(n* + o) +(n® + oo, /n%}n?
T, = —1-—, (47
(2n—1)2 + o2}
Bo =2,
and
YX)=1, X >0,
-0, X=0,
=—1, X<0

The Nusselt number is obtained from equation (44) by
summing over n, i.e.

N=YB,+1 (48)

In writing equations (44) and (45) advantage has been
taken of the symmetry of the problem hence only those
amplitudes which are non-zeroin the stable steady state
are recorded. Equations (44) and (45) can be written as

PuBn = Willzs—1 —02541), (49)
Ones = 3 IO T —B) (S0)
where
pn=
< (O2n—1 =034 11,10,

p§1(9|2n—2p+1|y(2”‘2p+ D=03042p- 1 M2p-102,-1
(51)
and

_ d (ﬂln—p|_ﬂn+p—1) J2p*102p*1
i T S R

p=1
By substituting equation (49) in equation (50) we get

(52)

Tut 1 Doy 1Bas 1+ ToBn1

2Gp,

JY e T T, =0, (53
(J,(Nu—l)—'—‘[" nt Tt n+l>ﬁn (53)



Asymptotic solutions for nonlinear thermal convection in porous media

and equation (49) summed from n = 0 to oo leads to

S Bop
Orp1 = OGZ(NP—pl (54)
where
& 6
G Z Wop— 1Y2n— 1. (55)

i w,0,

An iterative procedure can be used to find 8,’s and
hence Nu from equations (53) and (48). Once B,’s are
known 8,’s are found from equation (54). However,
when Ra is large we can use a continuous approxi-
mation for f, and 6, spectra. In this approximation
equations (51) and (52) reduce to

Jy
T L = Xap 1 = Upy, (56)
D 1
where
X2p-1=(2p=1) Zg : (57)
1
In deriving equation (56) terms like (8}, ;| — Bu+p—1)

areapproximated by 2p—1)(8,— f8,- ;) whichmakes t,
and p, independent of n, hereafter referred as = and p.
This approximation is valid when Nu is fairly large
(Nu = 2). Equation (53) reduces to

7:|+1ﬂn+1+’1-;|ﬁn—1
6 14T B,=0. (58)
JITZ(NM—I) n n+1 n = M

When we consider continuous spectra for f§,’s, the
summation can be replaced by an integral and the final
expression for Nu is given by solving equation (58) [2]

3 F(1/4+8/2) 4/3 Ra 1/3 ﬂl 4/3
Nu=1+, [r(3/4+p/2)] [n‘*] [7} )

where
2G 1242
B |:J1(Nu— 1)12] 8

4/3
Rag”) C@Ra"?, (59)

Whene—0

Nu—1 =~ 0.4617(1 -

where
Ra(a) = (1 +a?){(1+ oz;)z2 + +a2)01/7r2}, (60)
and
Cla) = [7;::;2]”3. (61)

C(o)is called the heat transport shape factor. When a is
small x () will decrease rather slowly and to obtain t
and G they can be approximated by a constant value

1675
X(o) given by
(62)

where

o«

J2 y
p-2—=—
pzl J 1
In the limit 6, — O (in the absence of porous media)
equation (59) reduces to that obtained by Herring [2].

ESTIMATION OF CRITICAL
RAYLEIGH NUMBER

An approximate estimate of the critical Rayleigh
number can be obtained from equation (59)for different
values of o, by substituting Nu = 1, we get Ra = Ra(x).
The minimum value of Ra for a given ¢; occurs
at o = o, the critical wave number determined by putting
dRa/da = 0. In equation (60) 7 also depends on o, as a
first approximation we take it as a constant equal to 1.
. is determined from the following cubic equation

(63)

where x’ = a2, For ¢, = 0 thecritical Rayleigh number
Ra, = 657.8 is attained at a, = 2.221 which is exactly
the value given by Malkus and Veronis[10]. When o, is
large the first term of equation (60) is negligible as
compared to the second term, hence
(1 +a?)a,

— (64)

2n2x* +(3n? +o)x?~ (2’ +a,) =0,

Ra =

For « = 1, Ra = 4n’g,, which is the same as given by
Lapwood [11]. Butin the actual problem 7 # [ butitis
different for different o. One way of incorporating t is to
find the value of . from equation (63) and for that value
of o, find v and hence Ra. The critical Rayleigh numbers

1-00
0-75 |-
3
>
T 0-50
0’25{-
0-00 i 1 L J I | i ] I
0 2 4 6 8 10
—>» oL

FiG. I. X{(«) vs a for o, = 0, 10%, 10%, 10*, 10°, and Ra = 107,
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FIG. 2. C() vs a for ¢, = 0, 102, 103, 10%, 10°. and Ra = 10”.

obtained are given below and are compared with results
obtained by earlier workers. For ¢, = 100, Ra, = 4699
ata, = 2.923 whereas, the value obtained by Masuoka
[12] is 4660. Rudraiah and Rohini [14] using the
method of Pellow and Southwell found Ra, = 4719.15
at a, = 2.768 for the above value of a,. The critical
Rayleigh number for 6, = 10% and 10* are found to be
49 254 and 394 851, respectively, attained at a, = 3.112
and 3.139.

RESULTS AND DISCUSSIONS

Figure 1 gives the values X(x) vs a calculated from
equation (61). The values of X(a) decrease as o,
increases. Since X (%) = x, = 0,/0,,hence an increase in
o, results in stabilizing the temperature field.
Consequently the Nusselt number will decrease with
increasing o ,.

Figure 2 shows the variation of heat transport shape
factor C(x) with a. For a giver value of o, heat
convection attains a constant value at large a and is

Ra=10’

—Eq (59)
--- Eq(32a)
--Eq(32b)

—> Log Nu

— Log oy

F1G. 3. Log Nu vs log o, for four values of Ra, with a = .
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3
-—-- E£q(32a) e 02
— Eq(59) 1=10
o 3
1:10
1 0%

— Log Nu

—_—

Log Ra

Fi1G. 4. Log Nu vs log Ra for three values of ¢,, with a = 7.

independent of a. From equation (59) we obtain that for

[—al/nz+(a,/n2+4Ra/7r4)”2:l”2
o= oy =

2

the convective heat transport is zero.

Figure 3 indicates the variation of Nusselt number
with o, for various values of Rafor a = n. The values for
o, = O(1) are obtained from equation (32). To calculate
Nu for ¢, = O(Ra) we use the iterative procedure in
which we take a trial value of Nu, compute B;/B, and
B, from equations (39a) and (39b) and hence «,, o3/a,,
recompute Nufromequation(41)till a constant value of
Nu is obtained. Figure 3 also includes the values of Nu
obtained usingequation (59). Theresults obtained from
the limiting cases o, = O(1) and O(Ra) agree with the
results obtained from equation (59). Hence, the
analytical approximation method discussed for a wide
range of Ra and g, gives accurate results for Nu for the
whole range of ¢,. We have also used the same
procedure to study the convection problem in the

F1G. 5. Na vs o for Ra = 107,
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10
---- Schneider
— Eq (59)
3
z
o 05
-
0-0 L
1 2 3

— Log (Ra/oy)

F1G. 6. Log Nu vs log Ra/jo,.

presence of a magnetic field [15] without a porous
medium. The results are found to be in agreement with
those obtained by numerical methods [6] thus
demonstrating the fact that the above method can
successfully be employed to treat the problem of
thermal convection over a wide range of Ra and ¢,.

The fundamental result obtained in all cases is that
the Nusselt number varies as Ra'/® for a given o,.
Earlier such studies carried out by Masuoka using
Darcy’s equation [8] led us to believe that Nu is
proportional to Ra/s, for porous medium when
Ra, 2 2Ra..

Figure 4 shows the variation of Nu with Ru for
different values of ¢,. We note that as ¢, increases the
magnitude of W decreases and hence the convection is
suppressed.

Figure 5 shows the variation of Nu with « for
Ra = 107, The value of o which maximizes Nu is
different for different values of g,.

Figure 6 shows the variation of Nu vs Rajo,
calculated from equation (59). The results are in
agreement with the experimental results of Schneider
for the wholerange of Ra/o; and with those of Masuoka
[8] for a lower range of Ra/s;.
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SOLUTIONS ASYMPTOTIQUES POUR LA CONVECTION THERMIQUE NON LINEAIRE
DANS LES MILIEUX POREUX

Résumé—La convection thermique non linéaire dans un milieu poreux saturé est étudiée sous différentes
approximations. Des solutions asymptotiques pour des frontiéres libres sont obtenues dans deux cas limites :
Ra grand, o, = O(1) et O(Ra) en utilisant la méthode des développements asymptotiques. La méthode
analytique d’approximation est aussi utilisée pour étudier le probléme de convection dans unlarge domaine de

Ra et de o,. Les résultats de 'analyse montre que le flux thermique varie comme Ra

/3 pour ¢, donné. Les

résultats sont en accord avec les résultats expérimentaux de Schneider.
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ASYMPTOTISCHE LOSUNGEN FUR NICHTLINEARE THERMISCHE KONVEKTION IN
POROSEN MEDIEN

Zusammenfassung — Nichtlineare thermische Konvektion in einem gesittigten porosen Medium wurde unter

verschiedenen Annahmen untersucht. Asymptotische Lésungen fiir freie Grenzen wurden fiir zwei Grenzfille,

Ra groB, o, = O(1) und O(Ra), erhalten, indem man die Methode der angepaliten asymptotischen

Reihenentwicklung benutzt. Diese analytische Nédherungsmethode wird ebenso benutzt, um das

Konvektionsproblem tiber einen groBen Bereich von Ra und ¢, zu untersuchen. Die Ergebnisse dieser

Untersuchung zeigen, daB sich fiir gegebenes o, der Wirmeiibergangskoeffizient mit Ra'’® dndert. Die
Ergebnisse stimmen mit Versuchsergebnissen von Schneider liberein.

ACUMITOTHUYECKHUE PEUIEHUA A1 HEJIUHEWHOHN TEITJIOBOW KOHBEKLIMH B
NMNOPUCTBIX CPEJAX

Annotaima—C QOMOLBLIO Pa3IHYHBIX NMPUOMMKEHHH HCCIeayeTCA HEIMHEeHHas TenJIoBas KOHBEKUMS B
NPONHTAHHON XHIKOCTbIO IOPHCTOH cpene. METOAOM CPalLMBAEMBIX ACHMITOTHYECKHX PA3IOMKEHHH
[OJIy4eHbl PELUEHHs IS CBOOOJHBIX I'PAHMi] B [ABYX NMpEAENbHBIX ClyqadXx: NpH 6ONbLIOM 3HAYEHHH
yucna Ra ans o, = O(1) u O(Ra). s ucciaeaoBaHUA MPOLECCA KOHBEKUMH B IIMPOKOM AHMAIlA30HE
H3MEHEHUs 4Hcel Ra M O, HUCHOJb3OBAH TAKXKE METOJ AHAJIMTHYECKHX anmpokcHMauMi. Pe3ynbTaTer
AHATM3a MOKA3BIBAIOT, YTO TUIOTHOCTE MOTOKA TEMNA H3MEHSETCS IPONOPLUHOHAILHO Ra' 3 npu yxasan-
HOM BbIllIE 3HaYeHUU G ,. Pe3ynbTaThl COr1acyloTes ¢ YKCnepUMeHTaIbHbIMH JaHHbiMU UIHaiigepa.





