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Abstract-Nonlinear thermal convection in a saturated porous medium is studied under different 
approximations. Asymptotic solutions for free boundaries are obtained for two limiting cases : Ra large, o1 
= 0( 1) and O(Ra) using the method ofmatched asymptotic expansions. The analytical approximation method 
is also used to study the convection problem over a wide range of Ra and gl. The results of the analysis show 
that the heat transfer rate varies as Ra ‘I3 for a given cr,. The results are in agreement with the experimental 

results of Schneider. 

INTRODUCTION MATHEMATICAL FORMULATION 

IN RECENT years there has been considerable interest 
given to the study of convection problems in a porous 
medium because of its importance in many industrial 
and geophysical problems (namely geo-thermal energy 
extraction, reactor technology and cryogenic industry). 
An important physical quantity in such studies is the 
determination of the Nusselt number, which is a 

measure of the total convective and conductive heat 
fluxes. The aim of this paper is to study the variation of 
Nusselt number with the parameters of the problem, 
namely, porous parameter and Rayleigh number. 

The solution of the governing equations are obtained 
using the mean field approximation. In this approach 
one defines mean quantities as horizontal averages and 
decomposes all the quantities into mean and 
fluctuating parts. Further, the mean field equations are 
obtained by omitting the terms which are nonlinear in 
fluctuating quantities. The above approach has 
successfully been followed by Herring [ 1, 21, Howard 

[3], Roberts [4] and Van der Borght [S, 61 to study 
convection problems. The analysis is extended to two 
situations: (I) for large Ra, in which asymptotic solu- 
tions are obtained for two limiting cases (a) Ra -+ co, 

0, = O(l), and (b) Ra large, o1 = O(Ra); (2) for a wide 
range of Ra and 0,. As in most discussions of mean field 
equations, the present work is confined to only one 
horizontal mode. 

For mathematical analysis we consider a horizontal 

slab ofsaturated porous layer between planes z = 0 and 
d, where z is the vertical coordinate. The boundary 
temperatures are assumed to be fixed with the lower 

boundary at a higher temperature and the temperature 
difference, A7: across the layer is constant. The 
thickness, d, of the layer is assumed to be sufficiently 
small that the Boussinesq approximation holds good. 
Further, we use the Brinkman momentum equation 
which gives the complete description of the fluid in a 
porous medium. As usual, we decompose the tem- 
perature into mean and fluctuating parts, T = (T) + 8, 
where angular brackets indicate the horizontal 
average. The non-dimensional equations of motion 
after averaging over the horizontal plane become 

c4, 131 

i au 
; 

[ 
(it +u*vu-(u*Vu) 

1 

= - VG+Ra@+VV2u-~Iu, (1) 

a(T) 

at 
_ a+0 + a*(~> 

aZ az2 ’ (4 

The results of analysis show that the Nusselt number 
varies as Ra’13 for a given value of 0,. The results are in 
agreement with those of Schneider [7] which is one of 
the many experimental studies on convection in porous 
media. However, we note that considerable disagree- 
ment exists among the many experiments available [7- 
93. The experimental results of Masuoka [S] and Elder 
[9] suggest a linear increase in Nusselt number for large 
Ra. An estimate of the critical Rayleigh number is also 
obtained from the relation for Nusselt number which is 
in agreement with the results obtained by Malkus and 
Veronis [lo] for c, = 0 and those obtained by 
Lapwood [ 1 l] and Masuoka [ 121 for porous media. 

where 

v*u=o, (4) 

/j-!!$ (5) 

and Ra = gcc’ATd3/vk, c = v/k and (rl = d2/K are 

Rayleigh number, Prandtl number and porous 
parameters, respectively. Eliminating W and the 
horizontal components of velocity and neglecting the 
terms which are nonlinear in fluctuating quantities, the 
mean field equations for steady convection become 

V4w-o,V*w+RaV:0 = 0, 

(3) 

(6) 
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NOMENCLATURE 

A, A,, A, coefficients defined by equations (26) Greek symbols 
(24a) and (24b), respectively c( aln 

a horizontal wave number 

; 

coefficient of thermal expansion 

B,>B, coefficients defined by equations (39a) and -a(T)/az 

(39b) Ir” coefficients defined by equation (42~) 

C(E) heat transport shape factor, equation Y ia2 Nu 

(61) & E = [2G/J,(Nu- 1)r2]“‘(a2/8) 
D ajaz 0 temperature defined by equation (9b) 
d thickness of the layer &I coefficients defined by equation (42b) 

; 

defined by equation (15) Q fluctuations in mean temperature 
periodic function in the horizontal plane I Wei 
defined by equation (10) kinematic viscosity 

G defined by equation (55) : scaled z coordinate, equation (25) 

9 acceleration due to gravity P defined by equation (5 1) 

Jn coefficients defined by equation (46) 0 Prandtl number, v/k 

K permeability 01 porous parameter, d2/K 

: 

thermal diffusivity r” defined by equation (52) 
unit vector in z-direction r, P defined by equation (56) 

Nil Nusselt number scaled temperature field, equation (34) 
P defined by equation (19) Ra a2 Nu ; scaled velocity field, equations (19) and 
Ra Rayleigh number, gtx’ATd3/vk (27) 
S defined by equation (62) n scaled velocity field defined by equation 
T temperature (34) 
n, u, w x, y, z components of velocity u 0 deviation of pressure from hydrostatic 

W defined by equation (9a) value divided by density. 

W” coefficients defined by equation (42a) 
X 2 Other symbols 

xP coefficients defined by equation (57) V: operator, a2/ax2+a21ay2 
X(a) defined by equation (62) 0 horizontal average. 

acwo) a2(7-) 
?z =- az2 ’ (7) 

On integrating equation (13a) over z we get 

f’ 
-/3w = V%, (8) Nu=l+ 

J 
WO dz. (13b) 

0 
where 

v: = iizj~+~z + a2/ay2. 

The basic equations are separable and admit 
solutions of the forms 

w = f(& Y) W(z, 0, (9a) 

0 = f(x, Y) @(z, t), (9b) 

where function f satisfies the plan-form equation with a 
as a separation constant 

V:f‘= -a’$ (10) 

The basic equations, equations (6) and (S), after 
incorporating equations (9a) and (9b) reduce to the 
form 

(D2-a2)2W-o,(D2-a2)W-Raa20 = 0, (11) 

(D2-a2)0 = -pW (12) 

Equation (7) leads to the definition of non-dimensional 
heat transfer or Nusselt number 

Nu=b+WO. (13a) 

For free boundaries the velocity and isothermal 
boundary conditions are 

W=D’W=O at z=O,l, 

O=O at z=O.l. 
(14) 

ASYMPTOTIC SOLUTIONS FOR 

LARGE RAYLEIGH NUMBER 

The solutions of the mean field equations for large Ra 

are obtained for two limiting cases, namely, (1) when 
CJ~ = O(1) and (2) ei = O(Ra), using the method of 
matched asymptotic expansions. 

Case (a) : 0, = 0( 1) and Ra is large 

Following Van der Borght [6] we assume that the 
horizontal wave number a = O(1). Introducing the 
variable F defined by 

F = Nu-i(O) (15) 

in equations (11) and (12) we get 

(D2-a2)2W-01(D2-a2)W-RRaa2FNu = 0, (16) 
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Combining equations (1 l), (13a) and (12) we get 

(02~#W-a,(D2-ayw 

+Raa’Nu W- W2(D2-a2)2W 

(D*-aZ)F = -(l-FIV)IV (17) The determination of A 1 and A, completes the outer 
solution or approximation to $ in the interior of the 
fluid. F is determined by observing that the relation 

F = l/Wsatisfies equation (17) to the leading order for 
large IV The same conclusion is drawn by comparing 
equations (15) and (20). 

+u1W2(D2-a2)W = 0. (18) 

Since Nu > 1 (Nu < 1 is the conduction region and 

Nu > 1 is the convection region) and a = O(1) we find 
that Ra a2 Nu + 00 as Ra --f co. Away from boundaries 

(i.e. in the interior region) we expect D = a/az = O(1) 
and therefore, as Ra + co, terms like Ra a2 Nu in 
equation (18) become large requiring W to be large for a 
nontrivial solution of equation (18) to exist. This 
condition is met by choosing W = O(P”‘) where 
P = Ra a2 Nu. Defining the variable 

For finding the inner solution or the solution in the 
boundary layer, we use the variable 

5 = P1’4z. (25) 

To obtain the appropriate matching condition we note 
that near z = 0 equations (22), (24a), and (24b) imply $ 
N AZ where 

A cc (A, + 3A,). 

Introducing the variables 

(26) 

t,b = (Raa’ Nu) -1/2w= p-1/2w 
(19) W = P1/4t,b and F = Pm1/4J (27) 

we find that the equation which governs the motion in 
the main body of the fluid to leading order is equations (16) and (17) become 

i,b(D2-a2)2~-~a,i+b(DZ-u2)~ = 1, (20) 

and the transformed boundary conditions are 

$=D’$=O at z=O,l. (21) 
and 

For finding an approximate solution of equation (20) a2f 

we use a truncated Fourier series for + in the form [3] 
- 41 -f 404. 

p- 
(29) 

$ = A,sinrcz+Azsin3nz+,... (22) The transformed boundary conditions are 

This solution is symmetric about z = l/2 and satisfies 
the free boundary conditions. Substitution of this series 
solution in equation (20) and retaining the first two 

$j =aZIC/= f =O at 5 cl&l. 
a52 

(30) 

terms of the expansion gives 

A, [(IT’ + u2)2 + o,(a’ + a2)] sin rrz 
Following the analysis of Howard [3] we obtain the 
expression for the Nusselt number in the form 

+ A,[(9nZ + a’)2 + al(9n2 + a2)] sin 3nz 

(31) 

1 
113 

(23) 

To determine A, and A, we multiply equation (23) by 
sin nz and sin ~RZ, separately and integrate over z. This 

x 1+5{(1+a2)2+(l+a2)ol/7rz} 

[ 3 ((9 + cc2)2 f(9 + L+rl/KZ} 1 Ra1’3, 

leads to two equations which are solved assuming 
AJA, << 1. The assumption A,/A, cc 1 is valid as long ( 

as the sine series is a good approximation. The 
expressions for A, and A, are 

where c( = a/x. 

2) 

{(n2+a2)2:c71(n2+a2)) 1 

l/2 
A, N Case (b): Ra large, o1 = O(Ra) 

The analysis in Case(a) was carried out for (I = 0( 1). 

{(7r2+a2)2+01(7r2+a2)} 1 
We will now consider the case cl = O(Ra) which is of 

2{(9az+az)z+o,(9Kz+uz)) ’ 
practical importance since o1 is usually of the order of 
lo3 or more. For this case, we define 

(24a) 
2 = Ra/ci, and y = ia2 Nu. (33) 

and 

(n2+a2)2+a,(7r2+a2) 

1 

We note that when the stabilizing effect due to u1 

A3 = (gK2+a2)2+o,(gn2+a2) Al. (24b) increases, Nu + 1. Hence, in that part of the regime 
1 = O(1) although Ra and c1 are both large. 
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Introducing the scalings 
(42’3 

B = l+ 1 /I”COS2rlRZ, (42~) 

equations (11) and (12) become 

(34) 
n=r 

in equations (6)(8) we get a set of nonlinear algebraic 
equations 

(D’-aa’)R+4 = 0, (35) w, = JA (43) 
(D’ -a’)& = -‘J( 1 - 40)CI. 

(36) 8” = -C%-1C02,n+p)w 
After eliminating r#r from equations (35) and (36) we get P 

D‘Y-(2a2+R2i,)D2Q+(a4+a2R2j,-y)fi = 0. (37) + v2p--n- 1)0,(2n-2p+l),l, (44) 

The solution of the above equation in analogy with the 4-l =~~q.-,,-a”+,-llW2F~li (45) 
previous one is P 

R = B, sin 7rz + B, sin 37cz + , (38) where 

Substituting the above expansion in equation (37) and Ra x2 

multiplying it by sin nz, sin 3712, separately and 
J, = 

{(fl’ + cL2)2 +(?I2 + a2)u1/r?}7r4 
(46) 

integrating with respect to z from 0 to 1 we get 

4(7r4 + 2n2a2 + a4 - 2~) T. = ((2n-:)‘+n’j’ 
(47) 

= - B:n2y[(3 + 3a2/7c2) -( 11 + 3a2/7c2)B,/B,], (39a) Be = 2, 

4E3(817r4+ 18rr2a2 +a4-2~) and 

= - B:TT’;~[ -( 1 + a’/rr’) + (22 + 6a2/n2)B,/B,]. (39b) Y(X) = 1, x > 0, 

Likewise if we expand 4 as = 0, x = 0, 

f$ = a,sin7rz+r3sin37-rz+,..., (40) =-1, x<o. 

and substitute the values of R and C$ in equation (36) The Nusselt number is obtained from equation (44) by 
then we obtain the solution for c(, and c+ This summing over n, i.e. 
completes the outer or the interior solution. The 

boundary layer solution need not be treated separately N = cp.+l. (48) 

because the outer solutions satisfy all the boundary In writing equations (44) and (45) advantage has been 
conditions and give an adequate description of the taken of the symmetry of the problem hence only those 
entire solution. The Nusselt number is computed from amplitudes which are non-zero in the stable steady state 
the relation are recorded. Equations (44) and (45) can be written as 

Nu-’ = 
s 
’ (1 -@)dz, 
0 

P,B” = Wl(~2”-1-~2”+1)~ (49) 

‘A-, =;J,4G,UL,-P,), (50) 
= 1-&3,(1+%,B,,~,B,) 

I 
(41) 

where 

SOLUTION FOR WIDE RANGE P” = 
OF Ra AND cl K 

(~2,~1-~2,+,)J,O1 
The analysis carried out in the previous section gives 

an asymptotic solution for two limiting cases. However, 
~~,(O,Z~-~~+IIY(~~-~P+~)-OZ”+~~,~~)JZ~~I~~~~, 

to study the behaviour of Nusselt number over a wider (51) 
range of Ra and err we use the analytical method given and 
by Herring [2]. The method is accurate for all values of 
Ra provided a, the horizontal wave number which z 

supports the convection, is not too large. This method is 
” 

= ; VI,-,I-P,+,-I) Jzp-102pmI 

p=r K-B”) JIBI 
(52) 

also applicable for rigid boundaries although it is more 
involved [2]. 

By substituting equation (49) in equation (50) we get 

Using the following expansions for w, 0 and b r”+IT,+IB”+I+r”T,P,~, 

w = nJ2 f f (x, y)w, sin mz, 
n=, 

(42a) _ -( 2Wn 
J,(Nu- 1) 

+rnTn+rn+lTn+r 
> 

B, = 0, (53) 
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and equation (49) summed from n = 0 to 00 leads to 

02n-1 = B,G f k 
p=,(Nu- 1)’ 

(54) 

where 

An iterative procedure can be used to find j.‘s and 
hence Nu from equations (53) and (48). Once /$‘s are 
known 0,‘s are found from equation (54). However, 
when Ra is large we can use a continuous approxi- 
mation for /3, and 8, spectra. In this approximation 
equations (51) and (52) reduce to 

J,,-1 
t,-+C- 

P Jl 
x2p-1 = UP”, (56) 

where 

XQ- 1 = (2p- 1)p. 
81 

(57) 

In deriving equation (56) terms like (@ln-PI -b.+,- J 
are approximated by (2p - 1) (pm - /3, _ J which makes z, 
and p. independent of n, hereafter referred as z and p. 
This approximation is valid when Nu is fairly large 

(Nu > 2). Equation (53) reduces to 

[ 

2G 

J,z’(Nu- 1) 
+T,+T,+, j?.=o. 1 (58) 

When we consider continuous spectra for fin’s, the 
summation can be replaced by an integral and the final 

expression for Nu is given by solving equation (58) [2] 

where 

’ = [ ,,,;” l)i”lL’2;’ 

When E + 0 

Nu-1 20.4617 

where 

C(a)RaLi3, (59) 

Ra(a) = 
x4(1 +a2){(1 +rX2)2 +(l +~2)01/n2} 

u.2 
> (60) 

and 

n4~22 113 

C(a) = G . L 1 (61) 

C(a) is called the heat transport shape factor. When a is 
small x0(a) will decrease rather slowly and to obtain T 
and G they can be approximated by a constant value 

X(a) given by s2 
[ 1 

112 
X(a)= -f+ q+s , (62) 

where 

1 ‘x 
; = 1 (2p-2)+. 

p=1 1 

In the limit cr, + 0 (in the absence of porous media) 
equation (59) reduces to that obtained by Herring [2]. 

ESTIMATION OF CRITICAL 

RAYLEIGH NUMBER 

An approximate estimate of the critical Rayleigh 
number can be obtained from equation (59) for different 
values of o1 by substituting Nu = 1, we get Ra = Ra(a). 

The minimum value of Ra for a given ol occurs 
at a = a0 the critical wave number determined by putting 

dRa/da = 0. In equation (60) z also depends on a, as a 
first approximation we take it as a constant equal to 1. 
a, is determined from the following cubic equation 

2n2x’3+(37c2+01)X’2-(rL2+al) = 0, (63) 

where x’ = a’. For g, = 0 the critical Rayleigh number 
Ra, = 657.8 is attained at a, = 2.221 which is exactly 

the value given by Malkus and Veronis [lo]. When crl is 
large the first term of equation (60) is negligible as 
compared to the second term, hence 

Ra = 
7-r2( 1 + a2)2o1 

a2 
(64) 

For u = 1, Ra = 47c2c,, which is the same as given by 
Lapwood [l 11. But in the actual problem 5 # 1 but it is 
different for different a. One way of incorporating 7 is to 
find the value of a, from equation (63) and for that value 
of cL, find t and hence Ra. The critical Rayleigh numbers 

o.ooL--J 
0 2 4 6 a 10 

-d 

FIG. 1. X(a) vs a for CT, = 0, lo’, lo’, 104, 105, and Ra = 10’. 
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012345678 9 10 
-d 

FIG. 2. C(m) vs G( for = 0, 102, 103, 104, 105. and o1 Ra = 10’. 

obtained are given below and are compared with results 
obtained by earlier workers. For err = 100, Ra, = 4699 

at a, = 2.923 whereas, the value obtained by Masuoka 
[12] is 4660. Rudraiah and Rohini [14] using the 
method of Pellow and Southwell found Ra, = 4719.15 

at a, = 2.768 for the above value of or. The critical 
Rayleigh number for or = lo3 and lo4 are found to be 
49 254 and 394 851, respectively, attained at a, = 3.112 
and 3.139. 

RESULTS AND DISCUSSIONS 

Figure 1 gives the values X(a) vs c( calculated from 
equation (61). The values of X(a) decrease as 0, 

increases. Since X(a) = x, E 6,,/8r, hence an increase in 

or results in stabilizing the temperature field. 
Consequently the Nusselt number will decrease with 
increasing cr. 

Figure 2 shows the variation of heat transport shape 

factor C(a) with CL. For a given value of or heat 
convection attains a constant value at large c( and is 

01 2 3456 

- Log al 

Ra=107 
- Eq (59) 

---- Eq (320) 

- Eq (59) 

4 5 6 7 

Log Ra - 

FIG. 4. Log Nu vs log Ra for three values of o,, with a = n[. 

independent ofcc. From equation (59) we obtain that for 

a2a,= 
-u,,/~~+(u,/n~+4Ra/n~)‘~~ ‘I2 

2 1 
the convective heat transport is zero. 

Figure 3 indicates the variation of Nusselt number 

with or for various values of Ra for a = 7~. The values for 
err = O( 1) are obtained from equation (32). To calculate 

Nu for u1 = O(Ra) we use the iterative procedure in 
which we take a trial value of Nu, compute B,/B, and 
B, from equations (39a) and (39b) and hence a,, a&,, 

recompute Nu from equation (41) till a constant value of 
Nu is obtained. Figure 3 also includes the values of Nu 
obtained using equation (59). The results obtained from 
the limiting cases ur = 0( 1) and O(Ra) agree with the 
results obtained from equation (59). Hence, the 
analytical approximation method discussed for a wide 
range of Ra and or gives accurate results for Nu for the 
whole range of or. We have also used the same 
procedure to study the convection problem in the 

al=102 

FIG. 3. Log Nu vs log o1 for four values of Ra, with a = K. FIG. 5. Na vs c( for Ra = lo7 
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1·0 

::> 
Z 
CJ\ 0·5 0 

...J 

t 

0·0 
1 

Schneider 
Eq (59) 

2 

--+ Log (Ra/O'l) 

FIG. 6. Log Nu vs log Ra/(J1' 

3 

presence of a magnetic field [15] without a porous 
medium. The results are found to be in agreement with 
those obtained by numerical methods [6] thus 
demonstrating the fact that the above method can 
successfully be employed to treat the problem of 
thermal convection over a wide range of Ra and Ul' 

The fundamental result obtained in all cases is that 
the Nusselt number varies as Ra1

/
3 for a given U l' 

Earlier such studies carried out by Masuoka using 
Darcy's equation [8] led us to believe that Nu is 
proportional to Ra/u 1 for porous medium when 
Ra1 ~ 2Rac• 

Figure 4 shows the variation of Nu with Ru for 
different values of u l' We note that as u 1 increases the 
magnitude of W decreases and hence the convection is 
suppressed. 

Figure 5 shows the variation of Nu with IX for 
Ra = 107• The value of IX which maximizes Nu is 
different for different values of u t. 

Figure 6 shows the variation of Nu vs Ra/u 1 

calculated from equation (59). The results are in 
agreement with the experimental results of Schneider 
for the whole range of Ra/u 1 and with those ofMasuoka 
[8] for a lower range of Ra/u1• 
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SOLUTIONS ASYMPTOTIQUES POUR LA CONVECTION THERMIQUE NON LINEAIRE 
DANS LES MILIEUX POREUX 

Resume-La convection thermique non lineaire dans un milieu poreux sature est etudiee sous differentes 
approximations. Des solutions asymptotiques pour des frontieres libres sont obtenues dans deux cas limites: 
Ra grand, (J1 = 0(1) et O(Ra) en utilisant la methode des developpements asymptotiques. La methode 
analytique d'approximation est aussi utilisee pour etudier Ie probleme de convection dans un large domaine de 
Ra et de (J l' Les resultats de l'analyse montre que Ie flux thermique varie comme Ra1/3 pour (J 1 donne. Les 

resultats sont en accord avec les resultats experimentaux de Schneider. 
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ASYMPTOTISCHE LOSUNGEN FUR NICHTLINEARE THERMISCHE KONVEKTION IN 
PORC)SEN MEDIEN 

Zusammenfassung-Nichtlineare thermische Konvektion in einem gesattigten porosen Medium wurde unter 
verschiedenen Annahmen untersucht. Asymptotische Liisungen fur freie Grenzen wurden fur zwei Grenzfalle, 
Ra groI3, g1 = O(1) und O(Ra), erhalten, indem man die Methode der angepaflten asymptotischen 
Reihenentwicklung benutzt. Diese analytische Nlherungsmethode wird ebenso benutzt, urn das 
Konvektionsproblem iiber einen groljen Bereich von Ra und 0, zu untersuchen. Die Ergebnisse dieser 
Untersuchung zeigen, da13 sich fur gegebenes 0, der Warmeiibergangskoeffizient mit Ra’13 andert. Die 

Ergebnisse stimmen mit Versuchsergebnissen von Schneider iiberein. 

ACMMIITOTM’-IECKME PEIIIEHMII ,!JJDI HEJIMHEHHOH TEHJIOBOH KOHBEKHMM B 
IIOPMCTbIX CPEjJAX 

Amo-rawn-C "oMOLU~IO pa3nsqHbtx npe6nnmenn~ BccnenyeTcR He:InHeitHas TennOBall KOHBeKUHR B 

npO,lHTaHHOii ~HaKOCTblO nOpHCTOa Cp‘%e. MeTOnOM CpaUWBaeMblX aCHMnTOTMqeCKHX pa3JIO~eHHti 

nonyreabr peuIeHHa nna CB060flHbIX rpaHHu B nByx npenenbHbrx cnyraax: nps 60nbLuoM 3HaqeHMM 

wcna Ra ,!WI o1 = @I) M O(Ra). Ann 8ccnenoBaHss npouecca KoHaeKuHM a UIM~OKOM n&falla30He 

M3MeHeHMx wcen Ra A u1 ncnonb30aan rakme Meron anannrmrecknx annpokcnbiaueti. Pe3ynbrarbr 
anann3a noka3bmaior, YT~ nnoTHoc*b noToKa Tenna r(~3MeHxeTcII nponopunonaabno Ra’ 3 npe yrtanan- 

HOM Bb,L"e 3HaYeHMH 0,. Pe3ynbTaTbI COr_laCyfOTCR C SKCnepHMeHTanbHblMH LlaHHbIMH ~HdiL,epa. 




